Chapter 5
Graphs and the Derivative

JMerrill, 2009




Chapter 4 Review
0 Find £(x) if f(x) = (3x — 2x2)}

O 3(3x —2x%)*(3 — 4x)



Review
Find f'(x) if f(x) = :{”/(xz —1)?

Rewrite: (xz — 1)§
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Review
0 Find £(x) if £(x) = x2V1-x%
= x° (1 —x° );
1 1
PO =X (1-x |15 ]
= x° _%(1 - x° )21 (—2x)_ +(1-x° ); (2x)




Continued

=x2( B ]+2xV1—x2
J1—x?

o= =

53 j 2x(1—x2)
= —— |+
(Vl—xz V1-x°
P e2x-2x® -3x7+2x X(—3X2 +2)

V-2 J1-x2 J1-x2




5.1 Increasing & Decreasing Functions

The graph of y = f(x): (3. 6) Y

* increases on (- oo, -3),
* decreases on (-3, 3), X
* increases on (3, o). (3,-4)

A function can be increasing, decreasing, or constant



Increasing/Decreasing

J(x) 4




Increasing/Decreasing Test

TEST FOR INTERVALS WHERE f(x) 1S INCREASING )

AND DECREASING

Suppose a function f has a derivative at each point in an open interval; then
if f'(x) > 0 for each x in the interval, fis increasing on the interval; -~
if f'(x) < 0 for each x in the interval, f is decreasing on the interval;
if f'(x) = O for each x in the interval, fis constant on the interval. —




Critical Numbers

CRITICAL NUMBERS

The critical numbers for a function f are those numbers ¢ in the domain of f
for which f'(¢) = 0 or f'(c) does not exist. A critical point is a point whose
x-coordinate is the critical number ¢, and whose y-coordinate is f(c).

The derivative can change signs (positive to negative or vice
versa) where f°(c) = 0 or where ’(c) DNE. A critical point
1s a point whose x-coordinate is the critical number.



Applying the Test

O Find the intervals where the function
f(x)=x3+3x2-9x+4 is increasing/decreasing
and graph.

O 1. Find the critical numbers by setting
f’(x) = 0 and solving: f’(x)=3x’+6x—-9
0=3(x*+2x—3)
The tangent line 1s

horizontal at x = -3, 1 0= 3(X T 3)(X N 1)
x=-3,1
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Test

O Mark the critical points on a number line and
choose test points 1n each interval

/ \ /" f(x)
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Test

O Evaluate the test points 1n £°(x): 3(x+3)(x-1)
0 £(-4) =) =+ T (~o0,-3),(1,%)

0 PO =MOE=- 13
. f’(z) :(/+) (_I_)(_I_) :i — &)
col e w

4 3 2 -l o 1 2 *

5]

Test point Test point  Test point



_ I
To Graph

O To graph the function, plug the critical points
into f(x) to find the ordered pairs:

.S‘logeoof tangent fin
] f(X):X3 ‘|‘3X2-9X‘|‘4 L (3,31)
L] f(-3) =31 (-4,24)

H f( 1 ) — = 1 Increasing ——

+ 30
/ Decreasing

+20

~—— Increasing

T 10

N/,

o ] | |
I L S m— T 1 |
O—AL
oo a-n 3 °

(2,6)

Slope of tangent
is zero.

fy=x*+3x>-9x +4



5.2 Relative (or Local) Extrema
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If a function f has a relative extremum at ¢, then c is a critical number or c 1s

an endpoint of the domain.
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The First Derivative Test

Sign of f’ Sign of f’

f(x) has: in (a,c) in (¢, b) Sketches
Relative maximum + = . B (¢, fc)
(c. fie) /\
+ —
; . b | | |
. - b
Relative minimum — +
(¢, f(c)) _ +
- ks
: | - ki) 1
a Ve b ;1 é Llr
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First Derivative Test

FIRST DERIVATIVE TEST

Let ¢ be a critical number for a function f. Suppose that f is continuous on
(a, b) and differentiable on (a, b) except possibly at c, and that c is the only
critical number for fin (a, b).

1. f(c) is a relative maximum of f if the derivative f'(x) is positive in the
interval (a, ¢) and negative in the interval (c, b).

2. f(c) is a relative minimum of fif the derivative f'(x) is negative in the
interval (a, c¢) and positive in the interval (c, b).
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You Do

O Find the relative extrema as well as where the
function 1s increasing and decreasing and
graph.

O f(x) =2x3—-3x?-72x + 15

O Critical points: x =4, -3
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You Do

fx)=2x3-3x2-72x + 15

_ )4
(-3, 150) 1 150
- 100 fx)
- 50 r
S ————— v
- N 2345 7 —
X
) (4,-193)
f Increasing f decreasing fincreasing

fx)>0 fx)<0 Fix)=0
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5.3 Higher Derivatives, Concavity, the

Second Derivative Test

Given f(x) = x* + 2x3 - 5x + 7, find
P(x)= 4x+6x2-5

7(x) = 12x* +12x

£27°(x) = 24x+12

f#(x) = 24

O O O 0O 0O



Find the 15t and 27d Derivatives

O f(x) =4x(Iln x)

1
[] f’(X) :4x(;)+(lnx)(4) =4 +4Inx

) _ 1 4
o f (X) —O+4;=;




Position Function

O A car, moving 1n a straight line, starting at
time, t, is given by s(t) =t> — 2t> — 7t + 0.
Find the velocity and acceleration

O v(t)=s’(t)=3t>—4t—7

O a(t)=v(t)=s"(t)=6t-4



Concavity

-

f(x) f(x) 1

Concave upward y=7Fx)
“holds water”

Concave upward
“holds water”

Concave downward
“spills water”

Concave downward
“spills water”

»

(a) (b)



Concavity
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Test for Concavity

TEST FOR CONCAVITY

Let fbe a function with derivatives f’ and f"” existing at all points in an inter-
val (a, b). Then fis concave upward on (a, b) if f”(x) > Oforall xin (a, b),
and concave downward on (a, b) if f”(x) < Oforall xin (a, b).




2nd Derivative Test

Let " exist on some open interval containing ¢, and let f'(c¢) = 0.

1. If f"(c) > 0, then f(c) is a relative minimum.
2. If f"(c¢) < 0, then f(c) is a relative maximum.

3. If f"(c) = 0 or f"(c) does not exist, then the test gives no information
about extrema, so use the first derivative test.

By setting £’(x) = 0, you can fin the possible points of inflection
(where the concavity changes).

[ At an inflection point for a function f, the second derivative is 0 or does not exist.
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5.4 Curve Sketching

1. Note any restrictions 1n the domain (dividing
by 0, square root of a negative number...)

2. Find the y-intercept (and x-intercept if 1t can
be done easily).

3. Note any asymptotes (vertical asymptotes
occur when the denominator = 0, horizontal

asymptotes can be found by evaluating x as
X —00 Of aS X —>»-00
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Curve Sketching

4. Find £°(x). Locate critical points by solving
°(x)=0.

5. Find £°(x). Locate points of inflection by
solving 1”’(x) = 0. Determine concavity.

6. Plot points.

7. Connect the points with a smooth curve.
Points are not connected 1f the function 1s not
defined at a certain point.



Example

0 Graph f(x) = 2x% - 3x> - 12x + 1
O Y-iterceptis (0,1)
0 Critical points: f'(x) = 6x? — 6x — 12

m o x=2. -1




Example

0 Graph f(x) =2x° - 3x> - 12x + 1

O Y-intercept 1s (0,1)

0 Critical points: f'(x) = 6x? — 6x — 12
B x=2,-1

O Points of inflection: ’(x)=12x—-6

Ex=1%



Example

Interval (—o,—-1) (-1,1/2) (1/2,2) (2, »)
Sign of f' + = = +
Sign of f" = - + +
Jiladicanis Increasing Decreasing Decreasing Increasing

or Decreasing

Concavity of f Downward ~ Downward Upward Upward

Shape of Graph / \ \ /




Example

0 Graph f(x) =2x° - 3x> - 12x + 1

O Y-iterceptis (0,1)

0 Critical points: f(x) = 6x? — 6x — 12
B x=2,-1

O Points of inflection: ’(x)=12x—-6
B x=-%

0O Plug critical points into f(x) to find y’s
s f(2)=-19, f(-1) =8




_— I
Graph

Increasing Decreasing Increasing
Jx)
fix) = 2x3-3x2 1720
—12x + 1 1
-1,8) 10
{ % i —
-3 g ¢ 4
—-10-
20 -

2, -19)

Concave downward Concave upward



